COMPARISON OF INVARIANT FUNCTIONS ON 
STRONGLY PSEUDOCONVEX DOMAINS 



NIKOLAI NIKOLOV 

Abstract. It is shown that the Caratheodory distance and the 
Lempert function are almost the same on any strongly pseudocon- 
vex domain in C"; in addition, if the boundary is C^^^-smooth, 
then \/n + 1 times one of them almost coincides with the Bergman 
distance. 



1. Introduction and results 

Let D be a bounded domain in C". Recall that the Bergman distance 
bu is the integrated form of the Bergman metric Pu, i-e. 

bD{z,w)=mi [ l3D{l{t)]i'{t))dt, 

T Jo 

where the infimum is taken over all smooth curves 7 : [0, 1] — )■ D with 
7(0) = z and 7(1) = w. Note that 

Kd{z) 

where 

Md{z-X) = sup{|/'(z)X| : / e Ll{D), ||/||^ = 1, f{z) = 0} 

and 

Kn{z) = snp{\f{z)\:feLl{D), = 1} 

is the square root of the Bergman kernel on the diagonal. 

The Kobayashi distance is the largest distance not exceeding the 
Lempert function 

Id{z,w) = inf{tanh"^ |a| : 3ip G with (p{0) = z,(p{a) = w}, 

where © is the unit disc. Note that kjj is the integrated form of the 
Kobayashi metric 

kd{z; X) = inf{|a| : 3ip e D) with ip{0) = z, V(0) = X}. 
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Finally, the Caratheodory distance is given by 

CDiz,w) = sup{tanh~^ \f{w)\ : / G C(L>,©) with f{z) = 0}. 

Note that cn < kr, < Id and cr, < bjj. 

Let now dD be C^-smooth. Recall that D is called strongly pseudo- 
convex if for any p G dD the Levi form of the the signed distance to 
dD is positive definite on the tangent space T^dD. 

Z. M. Balogh and M. Bonk [Il[2] introduce a positive function on 
DxD which depends on do = dist(-, dD) and the Carnot-Caratheodory 
metric on dD. Estimating k^, they prove that the function — kr, is 
bounded on D x D (see [21 Corollary 1.3]). If D C C" is C^-smooth, 
then the same result for cn and h^j \/n + 1 is announced in [I] (see 
also [2]); this means that the differences k^ — cd and k^ — hoi \/n + 1 
are bounded on D x D. 

Recall another result in this direction (see [TUl Theorem 1]): 



Our first observation can be considered as a version of Lempert's 
theorem (see Theorem 1]), saying that Id = cd on any convex 
domain D. 

Proposition 1. If D is a strongly pseudoconvex domain, then the dif- 
ference Id — cd is bounded on D x D. 

Proof. A careful check of the proof of [101 Theorem 1] (with Id instead 
of fcfl) shows that Proposition [T] will be a consequence of the estimate 
(see [HI Theorem 1] 

(2) 2lDiz, w) <- log dDiz) - log dDiw) + c, 

where c > is a constant, and the following localization principle 
applied to a strongly convex domain Q (then Iq = k^) becoming from 
the Fornaess embedding theorem (see [3, Theorem 9]): 

If G is a strongly pseudoconvex domain and U is a, neighborhood of 
p G dG (such that G fl f/ is connected), then the function Icnu — kc is 
bounded near p. 

This principle follows by ^ Corollary 1.3]. Indeed, we may find a 
strongly pseudoconvex domain G' C GdU which is biholomorphic to a 
convex domain and dG' = dG near p. Then gc' = go near p and hence 
there exists a constant c > such that 



(1) 




1 uniformly in w ^ D. 



kc < hnu < h' = kc < gc + c = gc + c < kc + 2c near p. □ 
A similar result to Proposition [1] holds for fo^j/i/n + 1 instead of c^. 
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Proposition 2. If D is a C"^^^ -smooth strongly pseudoconvex domain 
in C", then the difference Id — ho/ ^/n + 1 is hounded on D x D. 



Proof. We have to show the boundedness of the difference hnj \/n + 1 — 
gr,. To get this, we may apply |21 Theorem 1.1]. Thus, we need the re- 
spective estimate for /^^i from there (with exponent s = min(e/2, 1/2)) 
which will follows from corresponding estimates for and M^,- The 
proofs of [7, Theorems A and B] (see also the sketch of the proof of [21 
Proposition 1.2]) implies that these estimates will be a consequence of 

Lemma 3. Let q he a strongly pseudoconvex houndary point of a pseu- 
doconvex domain D (not necessary hounded) and let U he a neighhor- 
hood of q. There exist a neighborhood V G U of q and a constant c > 
such that if z e DnV and X e (C")*, then 

^ > 1 + cdoiz) log doiz). 



Knnuiz 

Mn{z;X) 
MDnuiz;X) 



> 1 + cdoiz) logdoiz) 



Proof. Since D is locally strongly convexifiable, shrinking U (if neces- 
sary), we may assume that for any q e dDdU there exists a peak func- 
tion pg for DC] U at g such that 1 1 — Pg| < Ci 1 1 ■ —q\ \ , where the constant 
Ci > does not depend on q. Take neighborhoods V C Vi V2 <^ U of p 
with the following property: if 2; G DnV, q^ G dD and Hg^— 2;|| = djj^z), 
then q^ E Vi. Note that 1 > ca := snp^^^^y supjj^^^yjpgj. Using 

Hormander's L^-estimates for the d operator (see [4], Theorem 2.2.1']) 
provides a constant C3 > such that for any k^N, zeDHV and 
X G (C"), one has 

KDiz) Mniz;X) ^ \pgM\' 



Konuiz) ' l + cac^' MDnu{z;X) 1 + CgC^' 

(cf. the proof of [8, Theorem 2] which is a variation of the proof of [H 
Lemma 3.5.2]). 

We may assume that d^, < 1 on DnV. Since |Pg^(-2)| > l — Cikdoiz), 
choosing k to be the integer part of log dci^z) / log C2, we find a constant 
c > with the desired property. □ 

Finally, we point out a generalization of ([T]). 
Proposition 4. Let D he a strongly pseudoconvex domain in C". Then 

lim ' — }- = 1 uniformly in w E D. 

z^dD l£)(Z, w) 
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In addition, if dD is C'^'^^ -smooth, then 



lim -^j-^' = _|_ X uniformly in w ^ D. 
z^dD Ij:,{z, w) 

zjtw 

Proof. The first equality follows in the same way as ([T]) in [10], using 
([2]) instead of the upper bounds for /c^ in [lOl Proposition 2 (i) and 
(ii)] and choosing the neighborhood U in [TOl Proposition 3] such that 
D nU to be convexifiable (then knnu = ^Dnu)- 

So, we may replace Id by /c^ in the second equality. To get this 
equality, we shall follow again the proof of (1) in [10]. Note that if 
D 3 p ^ q G dD, then 

lim h{z, w) = oo. 

z—^p,w—^q 

We already know that the functions bo/y/n + 1 — Hd and kjj — Hd are 
bounded. Thus, by compactness, it suffices to prove that 

bDiz,w) 



lim - — — - = \/n + 1. 

z^w^q k£){Z, W) 

Using again the mentioned boundedness, it follows by the proofs of 
[TUt Lemma 1 and Proposition 3] that for any neighborhood U of q 
there exists a neighborhood V G U of q such that if z,w E D (IV, then 

kD{z,w) = inf [ KD{l{t)]i{t))dt, hD{z,w) = inf [ l3D{l{t)]i{t))dt, 

'y Jo T Jo 

where the infimum is taken over all smooth curves 7 : [0, 1] D H U 
with 7(0) = z and 7(1) = w. To complete the proof, it remains to use 
that (due to K. Diederich and D. Ma) 

lim ^^j^'^j = y^TTT uniformly in X G (C"), 
kd{z; X) 

(see e.g. [SI Theorems 10.4.2 and 10.4.6]). □ 
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